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Abstract 

A Lorentz covariant matrix regularization of membrane thories is studied. It is 
shown that the action for a bosonic membrane can be defined by matrix regulariza¬ 
tion in a Lorentz covariant manner. The generator of area preserving diffeomorphism 
can also be consistently defined by matrix regularization, and we can make the area 
preserving gauge symmetry manifest. However, the reparametrization BRST charge 
explicitly depends on a specific basis set introduced to define the matrix regular¬ 
ization. We also briefly comment on an extension of the present formulation to a 
sup er membrane. 

1 Introduction 

The dynamics of quantum membranes is not well understood yet[l] - [14]. First of all, 
the world volume dynamics of membranes is not renormalizable not only for bosonic 
membranes but also for supermembranes. As an attempt to understand the dynamics 
of membranes better, a matrix regularization[8] [12] received much attention recently [15] 
- [18]. It is hoped that the matrix regularization, if properly treated ,might lead to a 
non-perturbative treatment of quantized membranes. 

The matrix regularization of a supermembrane in Ref. [8] is based on the light-cone 
gauge formulation. In fact, the covariant quantization of the supermembrane is involved 
, and for this reason we here mainly study a Lorentz covariant matrix regularization of 
bosonic membranes. A brief comment on a supermembrane is made at the end of this 
note. It is true that certain crucial aspects of quantized membranes can only be studied 
by the super membrane, but all may not be lost by considering bosonic membranes, and 
some of important dynamical issues of the quantum theory of membranes may still be 
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studied by examining the detailed dynamics of bosonic membranes. It is our hope that 
a Lorentz covariant matrix regularization of bosonic membranes may lead to a better 
understanding of quantum theory of membranes in general. 

The starting Lagrangian of the bosonic membrane is given by 

Co = 

= ( 1 , 1 ) 

where we dehned 

= (1.2) 

and the indices a and b run over 0 to 2. If one generalizes the conformal gauge in string 
theory to the case of the present membrane theory, one has 

£?“ + det^^' = 0 ,and = 0 (1.3) 

where k,l = 1, 2, or in an equivalent notation 

^°° + l = 0 ,and g^^ = 0 (1.4) 

In this gauge, the world volume of membranes is reduced to a product of two- dimensional 
space S times time coordinate R, T, x R. The Faddeev-Popov gauge hxing Lagrangian is 
given by 

+ iba [a,(c'^°“) - (1.5) 

where Na are the Lagrangian multiplier helds , and c“ and ba stand for ghosts and anti¬ 
ghosts, respectively. The total Lagrangian 

C = Co + jCg ( 1 . 6 ) 

is written as [9] 

C = ^doXf^doXg - ^ det Gki + ibo{doc^ - dkC^) + ibkdoc^ (1.7) 

with 

Gki = dkX^^diX^ + ibkdic^ + ikdkC^ (1.8) 

after integration over Na and g^K The Lorentz covariant Lagrangian has a structure quite 
similar to that of the light-cone Lagrangian, though it contains up to quartic couplings of 
ghost helds. 
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2 Symplectic Structure 


To implement the matrix regularization, it is important to understand the symplectic 
structure. For this purpose, it is convenient to use the form notation. The symplectic 
form on the 2d manifold S, whose canonical coordinates are and cr^, is dehned by 

u = da^ A (2.1) 

The Hamiltonian vector held / for a function f{a^, cx^) is dehned by 

f = dif 82 - 82/81 (2.2) 

The “Poisson bracket”, when we regard the coordinates a^and cr^ as two-dimensional 
phase space variables, is written in a number of ways 

{/, 9 } = ^f9 = 9 ) = {-df, g) = 81/829 - 82 / 8 ig (2.3) 

where stands for the Lie derivative generated by the Hamiltonian vector held /, lj{/, g) 
is the inner product of two Hamiltonian vector helds / and g with the two form uj, and 
the notation ( , ) stands for a contraction of a 1-form and a vector held. The Poisson 
bracket in ( p.3D satishes 

J d‘^a{/,g}h = j d^a/{g,h} 

d/Adg = {/,g}uj (2.4) 

In our analysis, it is convenient to regard the space components of 6a, c“ as 1-form and 
vector held on S, respectively 


b = bida^ + b2da‘^ 

c = c^8i -I- 0^82 ( 2 . 5 ) 

Our Lorentz covariant Lagrangian is then written as 

C = ]^8oX>^8qX^, - ^ det Gki + ibo{8od^ - dive) -h i(b, 8oc) (2.6) 

with 

det Gki = X,} + 2t{h, X^){X^, c°} - 3 (b, 0°)^ ( 2 . 7 ) 

where and cP are Hamiltonian vector helds associated with and c°. The Lie 
derivatives of vector held v and 1-form a are respectively given by {Cuv)^ = u^8iv^ — 8iu^v’‘ 
and (£„a)fc = u^8iak 8kU^ai. 
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^(<71,^2) instead of (|1.4|) , the Lagrangian (1.7) is written 


If one uses a gauge = — 
as 

p~^C = ^doX^^doXf, - ^ det Gm + iboidoc^ - p~^dk{pc^)) + ibkdoc^ (2.8) 

and the symplectic form becomes to = pda^ A dcx^. The Poisson bracket ( p.3| ) is then 
replaced by 

{/, g} = P~\difd29 - d2fdig) (2.9) 

Also, dive = p~^dk{pc^) and V = p~^{dib 2 — ^261) = *db in (3.9) below. The p plays a 
role of density [8]. In this paper we work with the gauge (1.4). 


3 Canonical Formalism and Symmetry Properties 


The Hamiltonian corresponding to our covariant Lagrangian is given by 

n = ^ det G + ibodkC>^ (3.1) 

with the basic canonical commutation relations 


[X,(a),P,(a')] 

K(a),c'‘(a')\ 


- cr') 


(3.2) 

(3.3) 


where P^{(t) = d^X^j^^a) , and [ , ]+ stands for an anti-commutator of operators. 

We now analyze the equations of motion. We start with the equations of motion for 
c° and bk 


doc^ — dive = 0 

dobk -dkbo = 0 (3.4) 


where k = 1,2, and the 1st equation corresponds to the conservation of “current” c“, and 
the 2nd equation shows that the Ofc—components of dba ( in a 3-dimensional notation) 
vanishes. The equations of motion for c and bo are given by 

<9oC = X^{X>^,c°} + 3icP{h,(P) 

dobo = -{(b,74),X'^}-3z*(/:yobAb) (3.5) 

where the star (★) operation transforms a two form to its dual (i.e., scalar in the present 
case). The constant shift in bo, which is a symmetry of our action, is generated by 


bo ^ 
charge = 


bo + C 

J d^ac^ 
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(3.6) 

(3.7) 





Our Lagrangian is also invariant under an addition of a (time independent) hamiltonian 
vector field w to c, and this symmetry is generated by the operator V dehned by 


c —c + w (3.8) 

V = dib2 — d2bi = *dh (3.9) 


In fact, the ghost part of the action (p.6|) is invariant under c —c + f with a more 
general(time independent) vector held f with divf = 0. The basic BRST transformation 
in our covariant formulation is dehned by 


= ed^daX^ 
bBRSTfd = eddbC^ 

bBRsrba = dBa (3.10) 


where e is a Grassmann parameter, and 

Bq = — ((9o^^)^ + — det G + idob^cP + id^boc^ + 2ibQdQC^ + ib^dQC^ (3.11) 

Bk = doX^dkX^, + ido{bkC°) + idibkP + ikdkP + 2ibodkC^ (3.12) 

These variables Ba, up tp equations of motion, correspond to the components Toa of the 
energy momentum tensor on the world volume. The BRST charge is dehned by[9] 


Q = 





{doX>^Y + 



+c'^doXf^dkX^ - tboic^dkc'^ + c^dkC^) - ibuPdic^ 


(3.13) 


By using the BRST charge and the operator V , the generator L of the area preserving 
diheomorphism is given by[13] 


L = [Q, R]+ = diB2 - <92^1 = *dB (3.14) 

and 

Lw = J d?awL = J d‘^a{—'B,w) (3.15) 

We here dehned 


B = doX^dX^ + i9o(bc°) + 2ibodd’ — iCch 

L = {doXpX^} + 2i{bo,c°} + tdo{h,cP)+tdo{Vc°)+iVc + z{dV,c) (3.16) 
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with c = dive. If we use the equations of motion for ghost variables, we can rewrite B 
and L as 


B 

= doX>^dX^ 

-|- ibodP’ -|- id{bQC^) + ihc 

— iCch 

L 

= {doX^ 


Lt} + c°} -t- f(b, c) + 2iVc + i{dV, c) 

The transformation laws of area preserving diheomorphism are given 




= {w,X} 



^ [-^IP; 


= 



i [Lw ; 


= {w,b°} 





= {w,A}-Cc{wY = 

(c^cY 




= {w^c^} - Cc{wy = 

(c^cY 


i [Lyj , 

&i] 

= {ui,6i}-h (b,aih;) = 

-- (>C^b)i 



&2] 

= {w,b2 } + {h,d2w) = 

= (£^b)2 


(3.17) 


(3.18) 


In these equations, [ , ] in the left-hand side is a commutator of operators and { , } in the 
right-hand side is a Poisson bracket. In general, the transformation law of an operator O 
is written as 


i[L^,0] = -C^0 (3.19) 

with w a Hamiltonian vector held associated with w. 

We here note interesting algebraic relations satished by the symmetry generators = 
/ ePa^V and L^, = J dPawL in our Lagrangian 


K.Ul = 0 

[-^/i ^g] ~ (3.20) 


where V is dehned in (|3.9| ). 

In connection with the area preserving gauge symmetry, we note that the action may 
be dehned anew by using the Hamiltonian in (|3.1|) as 


C = P^doXf, + zbadoc'^ -H + SBRsAiAV) (3.21) 


where we added a BRST exact term to the action , which does not change the physical 
sector of the Fock space. 


J (f a5BRST{iAV) 


I (fa{iXV - AL) 

J A) -f (B, H)] 


(3.22) 
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The transformation properties of the anxiliary fields A and A nnder the BRST transfor¬ 
mation, the symmetry genrated by V and the area preserving diffeomorphism generated 
by L are respectively defined by 

SbrstA = A, 6 brst^ = 0 

AyA = Doe (3-23) 

6lA = Dow, 6lX = -{w,X} 

and for other generic variables 

SlO = -C^O (3.24) 

where we defined Dq/ = d^f + {A, /}. The signihcance of two anxiliary variables A and 
A becomes transparent when one integrates over in the above Lagrangian (3.21). We 
then obtain 

C = ^ det Gki + ibo{DQC^ - dive) -h i(b, DqC + A) (3.25) 

where we dehned 

DoO = doO + C (3.26) 

for a general operator O. By this way, we can make the area preserving gange symmetry 
explicit in (3.25), and the anxiliary variable A corresponds to the gange held for this 
symmetry and A is a BRST partner of A] A can be regarded as a gange held for the 
symmetry generated by V, as is expected from the hrst expression in (3.22). In this 
formnlation, onr original covariant Lagrangian corresponds to the gange hxing R = A = 0 
of area preserving gange symmetry:This is realized by adding the gange hxing terms 
NA — i^X to (3.25) with a Nakanishi-Lantrnp donblet (.^, N). See also Ref.[8] for a related 
analysis in the light-cone gange. In the following we work with onr original covariant 
Lagrnagian (p.6|) . 


4 Solving Constraints and Matrix Regularization 


We have constraints on the physical states in onr formnlation 

(4.1) 

(4.2) 


V\phys) = dh\phys) = 0 
L\phys) = dB\phys) = 0 


in addition to the BRST symmetry Q\phys) = 0. We solve the hrst constraint ([4.1|) in 
the operator level by writing b in a locally exact form 


b = -db 


(4.3) 
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and thus td ~ 0 in the sense of Dirac in ( 3.14 ). At the same time, we introduce a new 
variable dehned by 

c = dive (4.4) 


Note that c is invariant under the transformation generated by V. The operations in (4.3) 
and (4.4) are regarded as a gauge hxing of D-symmetry by using the gauge condition 
F = dic^ — 820 ^ = 0. This is seen by the following path integral manipulation 


J VhVc6{V)d{F) det{D, exp{iS) 

= J VhVc6{V)d{F) det A~^ exp{iS) 

= J VbVcexp{iS') (4.5) 

The Lagrangian (|2.6|) is then written as 

C' = ^doX^doXf^ — ^ det G' + ibo^doc^ ~ c) + ibdoc (4.6) 

with 

det G" = X^}{X^, X,} + 2i{b, X^}{X^, c°} - 3{b, 0°}^ (4.7) 

All the variables here are treated as functions on S, and the variables b and c become 
canonical conjugate to each other. If we use the equations of motion for ghost variables 

doA — c = 0 

dob + bo = 0 (4.8) 

the generator of the area preserving diffeomorphism in (3.17) is further rewritten as 

L\h=-db = {doXf^,Xf,}+ 2i{bo,c^}+ ido{b,c°} 

= {doX^, X^} + t{bo, c°} + t{b, c} = L' (4.9) 

The transformation law of general variable O appearing in (4.6) under the area preserving 
diffeomorphism is written as 

50 = {w,0} (4.10) 

with the generator of this transformation being given by L' (4.9). 

We solved the constraint D = 0 in the operator level, but its BRST transform L' = 0 
is not solved in the operator level in our treatment. The BRST symmetry, which is 
manifest in (|4.1|) and ( |4.2|) , is no more manifest after solving V = 0. The gauge symmetry 
generated by V (and also by L) is characterized by a time independent parameter w, and 
in this sense it is non-dynamical and analogous to the residual symmetry of Aq = 0 gauge 



for Yang-Mills fields. This symmetry plays an important role to eliminate non-oscillatory 
(instability) modes when one compactihes two spatial coordinates in membrane theory[13]. 

In passing, the “Poisson bracket” of two fermionic( Grassmann) variables ^ and rj are 
dehned by 

V} = di^d2V - d2Cdir] (4.11) 

One can then conhrm 

= (4.12) 

by noting the anti-commuting property of ^ and rj. In the matrix regularization, the 
fermionic variables are then specihed by the anti-commutator of two matrix valued 
fermionic variables. 

The Lagrangian (4.6) and the generator of the area preserving diffeomorphism (4.9) 
are both written solely in terms of Poisson brackets or bi-linear combinations of two held 
variables. It is thus straightforward to introduce the matrix regularization by formally 
replacing the Poisson bracket by an (anti-)commutator of matrix valued operators. This 
transition is facilitated by expanding the various operators in terms of a complete set of 
basis vectors dehned on the two-dimensional space S . 

For example, 

Y^(r,(Ti,a2) = ^X^(r)Y^(ai,a2) 

A 

b{T,ai,a2) = ^bA{T)Y^{ai,a2) (4.13) 

A 

and similarly for other variables with a suitable complete orthonormal set of functions 
{Y"^(cri, (J 2 )} on the space S. We then formally replace the set {Y^(a'i, (T 2 )} by the 
(hermitian) generators of the group SU{N) with iV —> cx) [8]. The dynamical varibles are 
then promoted to (inhnite dimensional) matrices and we have , for example, 

J d^adoX>^doX^ = TidoX^^doX^ 

j dV det G' = Tr(- ^ [Y^ Y"] [Y^, Y,] 

-2^[6,Y^][Y^cO] + 3[b,c°]+[b,c°]+) (4.14) 

where Tr specihes the trace operation, and [ , ] stands for the commutator and [ , ]+ for 
the anti-commutator. In the matrix notation, we can write the action, the Hamiltonian 
and the generator of the area preserving diheomorphism respectively as 

J dT(faC = J dTTT(^^doX^doXfj^ — ^ det G' ibo{doC^ ~ c) -f ibdoC^J 
H = J d^aH = Tr(^P^F^ + ^ det G' + z6oc) 

J d‘^aw{a)L' = TTw(^-i[doXf^, X^] + [bo, + [b,c]+^ (4.15) 
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where and we make the replacement (4.14) inside det G'. The parameter w{a) 

is also expanded in terms of the basis set o' 2 )}. 

5 Discussion 

We have shown that the action and the generator of area preserving diffeomorphism for 
bosonic membranes can be consistently dehned by Lorentz covariant matrix regulariza¬ 
tion, if one keeps N of SU{N) in (4.15) hnite. Our matrix regularized Lagrangian has 
a structure very similar to that of the light-cone gauge [8]. This suggests that the basic 
dynamics of membrane theory is not much influenced by the inhnite momentum frame 
which is the underlying physical picture of the light-cone gauge. However, it is important 
to recognize that the BRST charge ( |3.13|) in our formulation cannot be written in a sim¬ 
ple matrix notation by using commutators for bosonic variables and anti-commutators 
for fermionic variables even in the formal way. For example, we cannot make the replace¬ 
ment in ( |4.4|) consistently, and the variables survive in the BRST charge till the end. 
This means that one cannot eliminate the explicit dependence on a particular basis set 
{Y^[ai, (J 2 )} in the Lorentz covariant formulation, while the basis set {Y^{ai, a 2 )} carries 
the information of the topology of world volume. 

Our analysis suggests that Lorentz covariance and unitarity ( or BRST symmetry) , 
both of which are essential for any sensible theory, cannot be simultaneously maintained in 
matrix regularization in a manner independent of world volume topology. Although it is 
premature to make a dehnite statement at this moment, our consideration at least appears 
to be consistent with the recent analysis by Matsuo et al.|]^. They examined the Lorentz 
covarince of membrane theory in the (manifestly unitary) light-cone gauge formulation, 
and they conclude that the explicit appearance of the world volume metric , which contains 
the information of topology, is required to recover the full Lorentz covariance. 

Ultimately, one may want to analyze the dynamics of supermembrane in a Lorentz 
covariant manner not only in continuum notation but also in matrix regularization. The 
32-component spinor 0 {T,ai,a2) in d = 11 dimensional space is irreducible, and any 
algebraic gauge hxing of the k -symmetry associated with 6 {t, cti, (T 2 ) generally breaks the 
Lorentz symmetry ^(^(lO,!). One possible algebraic gauge hxing of n symmetry is to 
decompose 

9{T,ai,a2) = 9 l + 9r (5.1) 

and to impose the gauge condition 9r = 0|T^ ^, |^. This breaks the symmetry ^(^(lO, 1) 
down to iS'0(9,1). If one combines this algebraic gauge hxing with the iS'O(10,1) covariant 
treatment of reparametrization symmetry in Ref. [9] one can dehne an iS'0(9,1) invariant 
supermembrane theory consisting of polynomials up to quartic terms. The theory thus 
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defined is located in between the full covariant treatment and the light-cone gauge. This 
formulation may be useful in the analysis of dynamical issues related to M-theory|[T6|, 


17, 18|, for example. The supersymmetry algebra in this formulation exhibits interesting 


properties, and a detailed account of this analysis will be reported elsewhere. 
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